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Abstract: Josephus problem is an ancient mathematical problem based on the historical 
events lived and described by Flavius Josephus. As the problem description is rather vague, 
there is a traditional interpretation and some alternative versions. Our purpose is to show 
several different mathematical fields that can be applied to the solution with emphasis on 
usage in education and teaching, as the formulation of the problem is an ideal tool to 
introduce new methods and fields to students. 
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1 Introduction 

The main focus of our paper is to demonstrate the Josephus problem as an exciting topic for exercises solved by directly 
using different mathematical fields. We emphasize these points as exercises. 

1.1 History introduction 

Josephus Flavius (c. 37 to c. 95 AD) was a Jewish soldier and historian who lived an exciting and stormy life and 
inspired an interesting set of mathematical problems. His real name was Joseph ben Matthias. He was born in Jerusalem, 
studied Hebrew and Greek literature as a child, and then spent three years (between the ages of 16 and 19) as an ascetic 
with a hermit in the desert. After further study as a member of the Pharisaic sect, he served as a delegate to Emperor Nero, 
was elected governor of Galilee, and was promoted to the rank of general during the Jewish revolt against Rome in 66. 
A year later, he was a member of the resistance during the siege of Jodfat, which lasted 47 days. According to Josephus 
Flavius (1970), doomed soldiers chose to take their own lives rather than be captured by the Romans and suffer an 
uncertain future. Josephus exclaimed: "Let us entrust our mutual deaths to the decision of lots. Whoever gets the first lot, 
let the second lot kill him, and so luck will proceed through us all." By chance, fate, or providence," [Josephus] with 
another was left to endure, to be condemned to the lot, nor, if left to the last to fill his right hand with the blood of his 
countryman, [Josephus] persuaded him to trust the Roman assurances and he lived as well as he did." Josephus 
surrendered to Vespasian, who later became the emperor. He travelled extensively with him, and served him and later he 
served the next emperor, Titus, son of Vespasian, and adopted his family name of Flavius as his own. Josephus was in 
Jerusalem (as a Roman citizen) during the bloodiest battles of 70 AD, travelled to Rome for the opening of the Colosseum, 
survived a tragic shipwreck, was married at least three times, and lived a life of excitement and intrigue. More importantly, 
he wrote several books, including History of the Jewish War, Jewish Antiquities, and Autobiography. His books are 
valuable and exceptional for witnessing the years of the early Roman empire from the point of view of a person of another 
culture. 

1.2 Formulation of the problem 

The problem is named after Flavius Josephus (also Iosephus). According to Josephus' account of the siege of Jodfat, 
he and the other 40 soldiers were trapped by Roman soldiers in a cave. They preferred serial suicide by drawing lots over 
capture. Josephus states that by luck, or perhaps the hand of God, he and one other man stayed to the end, surrendering 
to the Romans rather than killing themselves. This story is told in Book 3, Chapter 8, Part 7 of Joseph's Jewish War 
(Flavius, 1970). Although the exact wording of Josephus problem varies slightly in different sources (Schumer, 2002), 
primarily in the starting number of soldiers standing in the circle, from which men will be gradually selected (for example, 
every third or seventh, etc.) to be killed. The goal is to find the position where the person in question remains the last one. 
In other words, which position will ensure the person's survival? According to one version of the Josephus problem, 15 
Turks and 15 Christians are on board the ship. The ship will surely sink unless half the passengers are thrown overboard. 
All 30 stand in a circle and decide that every ninth person will be thrown into the sea. The task is to determine where the 
Christians should line up to ensure that all the Turks are thrown overboard first.  
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,Q�DGGLWLRQ�WR�EHLQJ DQ�LQWHUHVWLQJ�KLVWRULFDO�VWRU\��WKH�-RVHSKXV�SUREOHP�FDQ�EH�XVHG�WR�VROYH�FRQWHPSRUDU\�DQG�PRGHUQ�
WDVNV��)RU�H[DPSOH��LPDJH�HQFU\SWLRQ XWLOL]HV WKH�SULQFLSOHV�RI�WKH�-RVHSKXV�SUREOHP �+XD� ;X� -LQ� 	 +XDQJ���019��

2 Classical formulation and solution

6XSSRVH�𝑘 SHRSOH��GHQRWHG�IURP�1 WR�𝑘��VWDQG�DURXQG�WKH�FLUFOH��*UDGXDOO\��HYHU\�VHFRQG SHUVRQ�LV�HOLPLQDWHG�E\�WKHLU
QHLJKERXU��,Q�WKH�ILUVW�VWHS��SHUVRQ�QXPEHU�2 LV�HOLPLQDWHG��,Q�WKH�VHFRQG�VWHS��QXPEHU�4��HWF��7KH�FLUFOH�LV�FLUFOHG�VHYHUDO�
WLPHV�XQWLO�DOO�VROGLHUV�DUH�HOLPLQDWHG�H[FHSW�IRU�WKH� ODVW�VXUYLYRU���6HH�ILJXUH 1U��1�� 3UHYLRXVO\�HOLPLQDWHG LQGLYLGXDOV�
DUH�QR�ORQJHU�FRXQWHG�LQ�WKH�IXUWKHU�FRXUVH�RI�WKH�URXQG� 7KH�PRVW�FODVVLFDO�YDULDQW� LV 𝑘 = 41 �-RVHSKXV�DQG�40�RWKHU�
VROGLHUV��

Figure 1 -RVHSKXV�SUREOHP�IRU�𝑘 = 41 DQG�𝑠 = 2

7KH�VROXWLRQ�RI�WKH�FODVVLFDO�IRUPXODWLRQ�LV�ZHOO�NQRZQ� IRU�𝑘 VROGLHUV DQG VWHS�𝑠 = 2��ZH�GHFRPSRVH�𝑘 = 2𝑚 + 𝑛

IRU�PD[LPDO�𝑚 VR�WKDW 𝑛 LV�QRQ-QHJDWLYH� DQG�WKH�ODVW�VROGLHU�VWDQGLQJ�ZRXOG�EH�RQ�SRVLWLRQ�𝑝(𝑘, 2) = 2𝑛 + 1��7KHUH�
DUH�VHYHUDO�ZD\V�WR�OHW�VWXGHQWV�ILQG�WKH�VROXWLRQ�

Exercise 1 �(DV\��DOJRULWKP�� 6ROYH WKH�FODVVLFDO�-RVHSKXV�SUREOHP�ZLWK�VWHS 𝑠 = 2 DQG�D�JLYHQ QXPEHU�RI�VROGLHUV�𝑘�

%\�KDQG��D�VWXGHQW�FDQ�ILQG�WKH�VROXWLRQ�IRU�D�JLYHQ�QXPEHU�RI�VROGLHUV��EXW�WR�SURYH�WKH�JHQHUDO�IRUPXOD�LV�VRPHZKDW
WULFN\��DV�VKRZQ�LQ�WKH�QH[W�VHFWLRQ��7KH�ILUVW�DWWHPSW�ZRXOG�EH�FROOHFWLQJ�GDWD��)RU�VPDOO�𝑘 E\�KDQG��IRU�KLJKHU�QXPEHUV�
E\�DQ�DOJRULWKP VLPXODWLQJ�WKH�SURFHVV��$ GHWDLOHG�DOJRULWKP�DQDO\VLV�FDQ�EH�IRXQG�LQ��*UDKDP��.QXWK��	�3DWDVKQLN��
1989�� WKH�DXWKRUV�DSSO\�D�UHFXUUHQW�DOJRULWKP�WR�VROYH�WKH�SUREOHP��7KH�IROORZLQJ�PXFK�VLPSOHU�DOJRULWKP�LV�GHVLJQHG�
ZLWK�JHQHUDO�𝑠 DQG�𝑘�

)LUVW��LQLWLDWH�YDULDEOHV� DOO�VROGLHUV�DUH�DOLYH� DQG�WKH�SRVLWLRQ�RI�WKH�Victim LV�RQH�VWHS�EHIRUH�WKH�ILUVW�VROGLHU��
7KHQ��E\�Determining the next victim��ZH�JR�IRUZDUG�XQWLO�ZH�SDVV�𝑠 OLYLQJ�VROGLHUV��7KHQ� ZH�FKDQJH�WKH�VWDWXV�RI�WKH�
Victim WR�Not Alive DQG�ZULWH�WKH�QXPEHU�RI�WKH�Victim��$IWHU�UHSHDWLQJ�𝑘 WLPHV��WKH�ODVW�ZULWWHQ�QXPEHU�LV�WKH�VXUYLYRU�

Iniciate:: Let Number:=k; Step:=s; Victim:=0; Status(i)=Alive  for i=1… k.

Determining the next victim: Count:=0. Looked=Victim  

Repeat until Count:=s: If Status(Looked+1)=Alive then (Count:=Count+1 and Looked:=Looked+1) 
else (Looked:=Looked+1). If Looked:=k+1, then Looked:=1.

Victim:=Looked; Status(Victim)=Not Alive; write Victim 

Program: Initiate; for i=1 … k Determining the next victim.

6XFK�DQ�DOJRULWKP LV�D�JRRG�H[HUFLVH�IRU�WKH�ILUVW�VHPHVWHU�RI�FRGLQJ�DQG�SURGXFHV WKH�IROORZLQJ�UHVXOWV�

Table 1 6ROXWLRQ�RI�FODVVLFDO�IRUPXODWLRQ�IRU�JHQHUDO�𝑘 DQG�𝑠 = 2

1XPEHU�RI�
VROGLHUV 𝑘

1 � 3 4 5 6 7 8 9 10 11 1� 13 14 15 16 17 18 19 �0

/DVW�VROGLHU�
DOLYH 𝑝(𝑘, 2)

1 1 3 1 3 5 7 1 3 5 7 9 11 13 15 1 3 5 7 9
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Exercise 2 (Normal, coding): Code the program to solve the classical Josephus problem with a general step 𝑠 and a 
number of soldiers 𝑘. 

Exercise 3 (Easy, observation): Suggest a formula for general 𝑝(𝑘, 2) based on Table 1 for 𝑠 = 2 and 𝑘 general. Table 
1 or further results can be given as data.  

Once we obtain the set of results, we can observe sequences of the odd numbers restarted when reaching a power of 
two, which is precisely the solution described at the beginning of this section. From the engineering point of view, the 
problem is solved, but mathematicians should demand proof of correctness. The first idea of the proof is that if there are 
𝑘 = 2𝑚 soldiers alive, then clearly the first soldier is a survivor, as in the first round, all the even numbers are eliminated, 
then there are 2𝑚−1 soldiers, number one is starting, and the new position of soldiers can be calculated by the addition 
of 1 and division by 2 . By this process, we eliminate all numbers, but number one would stay untouched. If there is 𝑘 =

2𝑚 + 𝑛 soldiers for 0 ≤ 𝑛 < 2𝑚, then we eliminate the first 𝑛 soldiers, and we can use the previous solution. Which 
soldier would start after the elimination of 𝑛? Clearly, the 2𝑛 + 1-st soldier is the one, as after 𝑛 steps from the first, we 
have not finished the first round. This one is in the situation we described before and would be the last one. 

Exercise 4 (Normal, theory of numbers): Solve and explain the solution for the classical Josephus problem with step 
𝑠 = 2  and number of soldiers 𝑘 = 2𝑚. 

Exercise 5 (Normal, theory of numbers): Based on Exercise 4, solve the classical Josephus problem with step 𝑠 = 2 and 
number of soldiers 𝑘 = 2𝑚 + 𝑛, 𝑛 non-negative, and 𝑛 < 2𝑚. 

An alternative way to prove the correctness of the solution is by mathematical induction, but the solution is rather 
tricky; the cases should be separated for 𝑘 odd and 𝑘 even, and so-called strong induction should be used. This information 
can be used to lower the difficulty of following exercise.  

Exercise 6 (Hard, mathematical induction): Prove the correctness of the classical Josephus problem with step 𝑠 = 2 and 
the general number of soldiers 𝑘 by mathematical induction. 

3 Alternative versions 

The first natural alternation can be done by alternating the steps (𝑠 = 3, 𝑠 = 4, etc.). This idea is interesting because it 
shows the algorithmic and mathematical solutions gap. By algorithm, we can use pseudocode as before to determine the 
result without any issues, but the result is hard to formulate and prove. It was covered in the step of size 2 (Halbeisen & 
Hungerbühler, 1997). The general case is described in (Park & Teixeira, 2018). 

According to (Schumer, 2002), there exists a general formula. For a given number of soldiers 𝑘 and given step 𝑠, the 
recurrent formula has the form  

𝑝(𝑘, 𝑠) ≡ (𝑝(𝑘 − 1, 𝑠) + 𝑠) mod (𝑘). 

3.1 Fixed step alternative 

As these are covered, we may look at the alternative, where the step determines the killed person, but the step will 
include both living and killed. It means the distance between the killed persons in the original numbering of soldiers is 
constant. We still denote the number of soldiers 𝑘, but the step denoted by 𝑠 would be the constant distance, which means 
𝑠 = 2 would mean every second soldier is killed regardless of living and dead soldiers. 

First of all, there is a possibility that some soldiers would be killed multiple times, and some would stay alive. For 
example, 𝑠 = 2, 𝑘 = 2 means that the second soldier would be killed repeatedly, and the first would remain alive. This 
leads to the paradox, so let us consider the possible outcomes: The finite number of turns would eliminate all soldiers (as 
in the case of the non-fixed step), or any number of turns does not eliminate all, and some soldiers survive. Clearly, there 
is no other option.  
Exercise 7 (Normal, theory of numbers): Determine the rule for numbers 𝑠 and 𝑘 such that in the fixed step alternative 
Josephus problem, all or just some soldiers would be killed.  

The solution is obvious: after several steps, some of the already killed soldiers would be picked to be killed again, and 
it starts a cycle. If the cycle is started before all soldiers are killed, then some of them are destined not to be killed. So, 
the question can be formulated in the language of number theory. If we add 𝑠 modulo 𝑘, do we get 0 earlier than after 𝑘 
steps? This is equivalent to: Is there a common multiple of 𝑠 and 𝑘 smaller than 𝑠𝑘? This is a trivial question solved by 
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WKH�(XFOLGHDQ DOJRULWKP DV�LI�WKHUH�LV�DQ\�FRPPRQ�GLYLGHU RI�𝑠 DQG�𝑘 ELJJHU�WKDQ�1��WKHQ�WKH DQVZHU�LV�SRVLWLYH� LW�PHDQV�
WKDW�IRU�𝑠��𝑘 QRW�FRSULPH��ZH�HOLPLQDWH�DOO�VROGLHUV��LI�𝑘 DQG�𝑠 DUH�FRSULPH WKDQ�VRPH�RI�WKH�VROGLHU�VXUYLYH�WKH�LQILQLWH�
QXPEHU�RI�VWHSV� 6WDU�SRO\JRQV�FDQ�EH�VXFFHVVIXOO\�XVHG�WR�PRGHO�WKH�VROXWLRQ�RI IL[HG�VWHS�DOWHUQDWLYH -RVHSKXV�SUREOHP��
$�VWDU�SRO\JRQ� LV�D�QRQ-FRQYH[�SRO\JRQ� IRUPHG�E\�FRQQHFWLQJ�HDFK�YHUWH[�RI�D� JLYHQ� UHJXODU�𝑘-JRQ�ZLWK� VXFK�QRQ-
DGMDFHQW�YHUWLFHV�ZKRVH�ORFDWLRQ�IURP�WKH�VHOHFWHG�YHUWH[�LV�FRQVWDQW��PDUNHG�𝑠��)RU�H[DPSOH��ZH�FRQQHFW�WKH�VHOHFWHG�
YHUWH[�ZLWK�HYHU\�VHFRQG��WKLUG��IRXUWK��HWF���YHUWH[�LQ�WKH�SRVLWLYH�RU�QHJDWLYH�VHQVH�RI�URWDWLRQ��)LJXUH�1U��� VKRZV�DQ�
H[DPSOH�RI�D�VWDU�SHQWDJRQ�FUHDWHG�LQ�D�UHJXODU�SHQWDJRQ�E\�VXFFHVVLYHO\�FRQQHFWLQJ�HYHU\� VHFRQG YHUWH[��L�H�� WKH VH-
TXHQFH 241352� :KHQ�GHVFULELQJ�D�VWDU�SRO\JRQ��ZH�XVH�WKH�6FKOlIOL�V\PERO�{𝑘, 𝑠} IRU�WKH�QXPEHU�RI�YHUWLFHV�𝑘 DQG�VWHS�
𝑠�

Figure 2 6WDU�SRO\JRQ RI�WKH�W\SH {5,2}

6RPH�VWDU SRO\JRQV�DUH�VR-FDOOHG�VLQJOH OLQHV��,I�LQ�WKH�6FKOlIOL V\PERO�{𝑘, 𝑠} RI�VRPH�𝑘-JRQ�WKHUH�DUH�QDWXUDO�QXPEHUV�
𝑘 DQG�𝑠 VXFK�WKDW�𝑘 DQG�𝑠 DUH�FRSULPH��LW�ZLOO�QRW�EH�SRVVLEOH�WR�VNHWFK�WKH�VWDU�SRO\JRQ�LQ�RQH�VWURNH� DQG�LW�ZLOO�QRW�EH�
D�VR-FDOOHG�VLQJOH OLQH �H[FHSW�IRU WKH�𝑘-JRQ�ZLWK�WKH�V\PERO�{𝑘, 1}��ZKLFK�LV�DOZD\V�WKH�RULJLQDO�QRQ-VWDU�𝑘-JRQ���)RU�
H[DPSOH��RQH FDQQRW�FUHDWH�D�VWDU�GHFDJRQ�{10,2} DV�D�VLQJOH OLQH LQ�D�UHJXODU�GHFDJRQ�EHFDXVH�WKH�QXPEHUV�10 DQG�2 DUH�
FRSULPH� :H�ZLOO� QRZ�XVH� WKH�NQRZOHGJH�RI� VLQJOH-OLQH� VWDU� SRO\JRQV� WR� VROYH� WKH� -RVHSKXV SUREOHP��)RU�𝑘� 𝑠 QRQ-
FRSULPH� LI�𝑘 VROGLHUV�DUH�SODFHG�LQ�D�FLUFOH� DQG�HYHU\�𝑠 -WK�VROGLHU�LV�NLOOHG��WKH�RQH�IURP�WKH�FLUFOH�VWDQGLQJ�LQ�WKH SRVLWLRQ�
ZLWK�WKH�KLJKHVW�PDUN�ZLOO�UHPDLQ�DOLYH��

Exercise 8 �(DV\��SRO\JRQV��WKHRU\�RI�QXPEHUV���)LQG�RXW�ZKLFK�VWDU�SRO\JRQV {8, 𝑠} DUH VLQJOH-OLQHV�

:H�QRWH�WKH�SRVVLELOLWLHV�IRU�GLIIHUHQW�VWHSV�𝑠��,Q�WKLV�YHUVLRQ��WKHUH�DUH�RQO\�𝑘 SRVVLEOH�VL]HV�RI�𝑠��DV�𝑠 = 𝑘 + 𝑛 LV�
VLPLODU�WR�WKH�FDVH�𝑠 = 𝑛��7KLV�LV�GLIIHUHQW�IURP�WKH�FODVVLFDO�FDVH��ZKHUH�WKH�VWHS�LV�VLPLODU�LQ�WKH�ILUVW�WXUQ��EXW�DIWHU�𝑥
HOLPLQDWLRQ��WKH�VLPLODULW\�LV�EHWZHHQ�𝑠 = 𝑘 − 𝑥 + 𝑛 DQG�𝑠 = 𝑛��6R�WKH�FODVV�RI�VLPLODU�VWHSV�KDV�WR�KDYH�D�GLIIHUHQFH�
FRSULPH�WR�𝑘 − 𝑥 IRU�DOO�𝑥 IURP�0 WR 𝑘 − 1��ZKLFK�OHDGV�WR�WKH�RQO\�SRVVLEOH�GLIIHUHQFH�EHLQJ�D�PXOWLSOH�RI�𝑘!��6R� LQ�WKH�
FODVVLFDO�FDVH��WKHUH�DUH�𝑘! SRVVLEOH�VWHSV��LQ�IL[HG�VWHS�DOWHUQDWLYH��WKHUH�DUH�RQO\�𝑘 RI�WKHP��

3.2 Multiple survivals or multiple victims question

$QRWKHU�TXHVWLRQ�LV�WKH�SRVLWLRQ RI�PXOWLSOH�VXUYLYRUV��ERWK�LQ�FODVVLFDO�DQG�LQ�WKH�IL[HG�VWHS�DOWHUQDWLYH��7KH�RULJLQDO�
VWRU\� LQFOXGHV� WZR� VXUYLYRUV�� ,Q� WKH�PHGLHYDO� WDOH RI� WKH� VKLS�ZLWK�7XUNV� DQG�&KULVWLDQV�� RQH-KDOI� RI� WKH� SRSXODWLRQ�
VXUYLYHV� DQG�D�VLPLODU TXHVWLRQ�LV�JLYHQ�LQ�WKH�VWRU\ YHUVLRQ�FRQFHUQLQJ�KHULWDJH�DQG�FKLOGUHQ�IURP�GLIIHUHQW�PDUULDJHV�
�6FKXPHU���00����7KHVH�TXHVWLRQV�DUH�YHU\�ULFK�DQG�FDQ�EH�XVHG�DV�DGGLWLRQDO�H[HUFLVHV�IRU�DOJRULWKP�WUDLQLQJ�RU�FRGLQJ�
DQG�FDQ�EH�H[SDQGHG�IXUWKHU��H[FHHGLQJ WKH�WRSLF�RI�WKLV�DUWLFOH� 6LPLODUO\��D�VLWXDWLRQ�ZKHUH�VHYHUDO�SHRSOH�DUH�HOLPLQDWHG�
LQ�RQH�VWHS�FDQ�EH�FRQVLGHUHG��6XSSRVH 𝑘 = 2𝑡��WKH�HQHPLHV�DUH�QHDU� DQG�WKHUH�LV�QR�WLPH�IRU�HOLPLQDWLRQ�VWHS�E\�VWHS��
7KHUHIRUH��WZR�HOLPLQDWLRQV�ZLWK�WKH�VDPH�VWHS�DUH�UHDOL]HG�LQ�SDUDOOHO��7KH�ILUVW�HOLPLQDWLRQ�VWDUWV�IURP�VROGLHU�QXPEHU�
1��WKH�VHFRQG�VWDUWV�IURP�VROGLHU�QXPEHU�𝑡 + 1��,Q�WKH�VDPH�ZD\��WKHUH�FDQ�EH�𝑘 = 3𝑡 VROGLHUV� DQG�WULSOH�HOLPLQDWLRQ�VWDUWV�
IURP�QXPEHUV�1��𝑡 + 1� DQG 2𝑡 + 1��7KH�JHQHUDO�VLWXDWLRQ�LV�GHVFULEHG�LQ��<DPDXFKL��,QRXH��	�7DWVXPL���009��

3.3 Inverse Josephus problem

$V�WKH�FODVVLFDO TXHVWLRQ�LV�IRU�JLYHQ�VWHS�𝑠 DQG�QXPEHU�RI�VROGLHUV�𝑘��ZKDW�LV�WKH�ILQDO�VXUYLYRU�SRVLWLRQ�𝑝(𝑘, 𝑠)��ZH�
FDQ�IRUPXODWH�DQ�LQYHUVH TXHVWLRQ LQ�D�ZD\� IRU WKH�SRVLWLRQ�𝑝 RI�WKH�LQWHQGHG�VXUYLYRU�DQG�𝑘 WKH�QXPEHU�RI�VROGLHUV��ZKDW�
VKRXOG�EH WKH�VWHS�𝑠"�$QDORJRXVO\��JLYHQ�D�VXUYLYRU�SRVLWLRQ�𝑝 DQG�VWHS�𝑠��LV�WKHUH�D�QXPEHU�RI�VROGLHUV�𝑘 VXFK�WKDW�WKH�
SRVLWLRQ�𝑝 ZRXOG�EH WKH�ODVW"�$V�ZH�PHQWLRQHG��LI�ZH�KDYH�D�IL[HG�SRVLWLRQ�DQG�D�QXPEHU�RI�VROGLHUV��WKHUH�DUH�PRUH�YDOXHV�
RI�WKH�VWHS�WKDW�HQG�LQ�WKH�VDPH�SRVLWLRQ� :H�KDYH 𝑘! FODVVHV�RI�SRVVLEOH�VWHSV��VR�ZH�FDQ�DQVZHU�WKH�ILUVW�TXHVWLRQ�IRU�
JLYHQ� 𝑘 E\ EUXWH� IRUFH� WHVWLQJ� DOO� SRVVLELOLWLHV� ZLWK� WKH� DOJRULWKP� $QDORJRXVO\�� EXW� ZLWKRXW� OLPLWDWLRQ� DOORZLQJ� IRU�
FRYHULQJ�DOO�FDVHV��ZH�FDQ�XVH�WKH�SUHYLRXV�DOJRULWKP�WR�DWWHPSW�WR�ILQG�WKH�DQVZHU�WR�WKH�VHFRQG�TXHVWLRQ��1HYHUWKHOHVV�
VLQFH�WKHUH�LV�QR�ERXQG�WR�𝑘��WKH�QHJDWLYH�DQVZHU�ZRXOG�QRW�EH�FRPSOHWH�IURP�WKH�PDWKHPDWLFDO�SRLQW�RI�YLHZ�
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Exercise 9 (Easy, coding): Based on Exercise 2, for given position 𝑝 and the number of soldiers 𝑘, determine if there is 
a step so 𝑝 would be the position of the last survivor. 

Exercise 10 (Easy, coding): Based on Exercise 2, for given position 𝑝 and step 𝑠, determine if there is a number of soldiers 
up to 1000, so 𝑝 would be the position of the last survivor. 

Similar questions were asked and partially answered in (Stack Exchange, "Josephus problem"). In general, both 
questions are still open from the mathematical point of view, and both numerical and analytical solution is of interest. 

3.4 Josephus permutations 

Let us reformulate the Josephus problem from the point of view of permutations. According to (Schumer, 2002), the 
Josephus permutation 𝑃(𝑘, 𝑠) is the permutation created by the Josephus elimination with step 𝑠. For example 

𝑃(5,2) = (
1
2

 
2
4

 
3
1

 
4
5

 
5
3

), 

since for 5 soldiers and step 2, the first eliminated is number 2, the second eliminated is number 4, the third eliminated 
is number 1, the fourth eliminated is number 5, and the last is number 3. Naturally, there arises a question of whether all 
permutations are feasible as Josephus for convenient number 𝑠. We have the criteria for the number of all permutations: 
𝑘! and the number of Josephus permutations: least common multiplier 𝑙𝑐𝑚(1, … , 𝑘). For 𝑘 = 3, 𝑘! = 𝑙𝑐𝑚(1, … , 𝑘) holds. 
It means that for 3 soldiers, every permutation is Josephus. But for 𝑘 > 3 we have 𝑘! > 𝑙𝑐𝑚(1, … , 𝑘). Thus, for more 
than 3 soldiers, some permutations are not Josephus permutations. 

Exercise 11 (Easy, permutations): Construct the Josephus permutation for 𝑘 = 7 soldiers and step 𝑠 = 3. 

Exercise 12 (Normal, permutations):  For 3 soldiers (𝑘 = 3), consider all 6 permutations. Find appropriate 𝑠 to construct 
such Josephus permutations (remember that 𝑠 has not to be smaller than 𝑘). 

Note that the number of unique permutations is 𝑘!, equivalent to the upper bound of possible steps. Nevertheless, as 
not all permutations are Josephus permutations, we may exclude some classes of possible steps as the merge in order to 
produce less than 𝑘! permutations. This can be used as an efficiency improvement in some previous algorithms, as we do 
not need to test all 𝑘! steps if we can identify the steps generating the same class. 

Exercise 13 (Normal, theory of numbers, permutations):  For a given number of soldiers, identify steps that generate the 
same permutation, which means the two different steps determine the same order of victims. 

3.5 Stochastic Josephus problem 

Exercise 14 (Hard, probability): Number of soldiers k are standing in the circle. Starting with number 1, which is 
killed, one soldier neighbouring to the last victim randomly (with probability ½ left and ½ right) would be killed until 
only one soldier would remain. Where to stand in relation to the first victim, so the probability of being the survivor is 
the highest? 

The solution of the previous exercise depends on the precise formulation: If the probability refers to moving one step 
to the first living soldier in that direction, then after 𝑘 steps, all soldiers are killed. In this way, we can easily calculate the 
probability of survival by counting the number of permutations that avoid the position before the last step. For example, 
the position neighbouring to the starting kill has to be avoided by 𝑘 − 1 repeated steps in the other direction. Positioning 
one step away allows sequences with one step to this direction and 𝑘 − 2 ones to the opposite direction. The question is 
transferred to a similar question: What is the probability to toss a coin and get a head 𝑘 − 1 times in the row for the 
neighbour or to toss 𝑘 − 2 heads and one tail for the position one step away, and so on? This is the well-known situation 
as for 𝑘 − 1 − 𝑛  heads and 𝑛 tails, the probability is ( 𝑘

𝑘−1−𝑛
)2−𝑘+1. Up to the multiple 2−𝑘+1, we get the row in the 

Pascal triangle or binomial coefficients  ( 𝑘
𝑘−1−𝑛

). Galton's desk would reveal that the safest position is opposite in the 
starting one, or 𝑘/2 positions to any direction. 

Exercise 15 (Hard, probability): 𝑘 soldiers are standing in a circle. Starting with number 1, which is killed, randomly 
(with probability ½ left and ½ right), one neighbouring position of the soldier is the next victim (it means the soldier on 
the position is killed, if alive, and the position is regarded as the last victim) until only one soldier would remain. Where 
to stand in relation to the first victim, so the probability of being the last one is the highest? 

The situation is very different, and there is no finite number of turns, as we can repeat the left-right switch for unlimited 
time. However, we can determine the situation based on symmetries with a surprising outcome: the probability of any 
position (except for the starting one) to be the last survivor is (𝑘 − 1)−1. An interesting analogy exists with exercise from 
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the book (Anděl, 2007) about the wolf and sheep. We have 4 positions in the circle. Position 1 (figure Nr. 3 left) represents 
the wolf (dark dot); the others are sheep (bright dots). The wolf moves to the adjacent space and picks the direction 
randomly with a probability of ½. If a sheep is in that position, the wolf will eat it; otherwise, he just moves. The 
movement of the wolf continues according to the same rules. Which of the positions 2, 3, and 4 should the wise sheep 
occupy so that the wolf comes to it last? Let 𝑝𝑖 , 𝑖 = 2,3,4 denote the probability that the wolf is the last to visit position 
𝑖. We have the equalities 𝑝2 + 𝑝3 + 𝑝4 = 1 and according to the symmetry 𝑝2 = 𝑝4. Further, let us imagine the situation 
where, after the first move, the wolf is in position 2 (figure Nr. 3 right). Then, the probability the wolf standing at position 
2 visits position 3 the last is the same as the wolf starting from position 1 visits position 2 the last. It follows 𝑝3 = ½ . 𝑝2 +

½ . 𝑝4. From previous equalities, we have a surprising solution 𝑝2 = 𝑝3 = 𝑝4 =
1

3
. 

Other variants can be added, either by randomization of the step or by randomisation of the direction in different ways. 
Such a question would lead us out of the topic and deserve deep and separate analysis. 

 
Figure 3 Exercise about the wolf and sheep for 𝑘 = 4. Left: default situation, right: the first step of the wolf in the circle.  

4 Conclusions 

We intend to reveal how a simple historical mention can lead to developing a series of questions and inspire examinations 
and application of several methods. Note that our study does not exhaust the topic and techniques, but we would need 
both to use more advanced methods and does not lead to the goal of a lecturer/student-friendly paper. Several other 
exciting inspirations arise from a non-mathematical situation; examples include the Monty-Hall problem from a TV show, 
airplane plating optimisation by Abraham Wald, or permutation algebra needed to break the Enigma ciphering. 
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